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Multiplicity distributions of charged particles produced in the e+e− collisions at LEP2 energies
ranging from 91 to 206 GeV in full phase space, are compared with predictions from Tsallis q-
statistics and the recently proposed Weibull distribution functions. The analysis uses data from
two LEP experiments, L3 and OPAL. It is shown that Tsallis q-statistics explains the data in a
statistically acceptable manner in full phase space at all energies, while the Weibull distribution
fails to explain the underlying properties of the data. Modifications to the distributions proposed
earlier, are applied to uncover manifold improvements in explaining the data characteristics.
I. INTRODUCTION
The particle production in high energy particle-particle
interactions can be understood in terms of several the-
oretical and phenomenological models. Several of these
models are derived from quantum chromodynamics, laws
of fluid mechanics, statistical mechanics, thermodynam-
ics, hydrodynamics etc. These models have been intrigu-
ingly successful in explaining the data trends. To un-
derstand the production mechanism, concepts from en-
semble theory in statistical mechanics have been used
to develop models which include statistical fluctuations
as an important source of information. Several distribu-
tions based on the statistical analyses have played an
important role in the understanding of multiplicity dis-
tributions. A host of such distributions can be found in
the references [1–7]. Several of the distributions such as
Tsallis [8, 9], Gamma [10], HNBD [11] etc. have been
derived from the concepts of statistical mechanics and
ensemble theory. The novel approach in the Tsallis q-
statistics incorporating non-extensive entropy to describe
the particle production has been successfully applied to
heavy-ion and p-p collisions at some energies [12]. The
non-extensive property of the entropy is quantified in
terms of a parameter q which turns out to be more than
unity under this assumption. Weibull distribution is an-
other statistical distribution which has been studied to
describe multiplicity distributions in e+e− and also for
ep collisions by authors S. Dash et al [7] and S.Hegyi
[13, 14].
In the present study, we focus on investigating the mul-
tiplicity distributions, in full phase space, to study the
characteristic properties of charged particle production
in e+e− collisions at different energies at LEP2. In one of
our recent publications [15], we analysed the data
√
s=14
to 91 GeV in terms of Tsallis distribution and Weibull
distribution. We also proposed a modification to improve
the comparison between the predicted and the experi-
mental values. The modification of distributions was done
∗Electronic address: manjit@pu.ac.in
by the convolution of PDFs from 2-jet fraction and multi-
jet fractions by assigning appropriate weights. The 2-jet
fractions for different energies were calculated from the
DURHAM algorithm. It was observed that the multiplic-
ity distribution shows a shoulder structure at higher ener-
gies(Give reference). The presence of a shoulder structure
in the multiplicity distribution was observed at LEP1
energy of
√
s=91 GeV. The multiplicity distributions at
LEP2 energies confirmed the presence of shoulder struc-
ture at higher energies as well. In our earlier publica-
tion [15] we had analysed the data only at 91 GeV and
observed that the modification of distributions for both
Tsallis and Weibull distributions improves the fitting by
several orders, both in restricted rapidity windows and
in full phase space. However our results were not abso-
lutely conclusive in the absence of analyses of data from
higher energies. In this paper we extend the analysis by
comparing the multiplicity distributions obtained from
Tsallis q-statistics with the Weibull distribution in the
full phase space with the experimental results for
√
s =
91 to 206 GeV at LEP2 to understand the constraints
for the models used. The data at LEP2 was not fully
exploited which motivated us to carry out this analysis.
In Section II, we give a very brief outline of probabil-
ity distribution functions (PDF) of Tsallis, Weibull and
their modified forms along with the references for full de-
tails. These details were given in our earlier publications
also [15, 16]. But for the sake of completeness, these are
outlined in this paper also. The modification of distribu-
tions done by the convolution of PDFs from 2-jet frac-
tion and multi-jet fractions by using appropriate weights,
is implemented to improve the fitting results. The 2-jet
fractions for various energies have been taken from the
DURHAM algorithm [17, 18], one of the most widely
used algorithm for LEP data analyses.
Section III presents the analyses of experimental data
and the results obtained by two approaches. Discussion
and conclusion are presented in Section IV.
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2II. CHARGED MULTIPLICITY
DISTRIBUTIONS, TSALLIS AND WEIBULL
Charged particle multiplicity is defined as the average
number of charged particles, n produced in a collision
< n >=
nmax∑
n=0
nPn. We briefly outline the distributions
used for studying the multiplicity distributions;
A. Tsallis and modified Tsallis distributions
Tsallis statistics deals with entropy in the usual
Boltzman-Gibbs thermo-statistics modified by introduc-
ing q-parameter and defined as;
S =
1−∑a P qa
q − 1 (1)
where Pa is the probability associated with microstate a
and sum of the probabilities over all microstates is nor-
malized to one;
∑
a Pa = 1.
Tsallis entropy is defined as;
Sq(A,B) = SA + SB + (1− q)SASB (2)
where q is entropic index with value, q > 1 and 1 −
q measures the departure of entropy from its extensive
behaviour.
In Tsallis q-statistics probability is calculated by using
the partition function Z, as
PN =
ZNq
Z
(3)
where Z represents the total partition function and ZNq
represents partition function at a particular multiplicity.
For N particles, partition function can be written as,
Z(β, µ, V ) =
∑
(
1
N !
)nN (V −Nv0)NΘ(V −Nv0) (4)
n represents the gas density, V is the volume of the sys-
tem and v0 is the excluded volume associated to a parti-
cle. The Heavyside Θ-function limits the number of par-
ticles inside the volume V to N < V/v0. N¯ , the average
number of particles, is given by
N¯ = V n[1 + (q − 1)λ(V nλ− 1)− 2v0n] (5)
where λ is related to the temperature through the pa-
rameter β as;
λ(β, µ) = −β
n
∂n
∂β
(6)
K-parameter is related to q and excluded volume, by
1
K
= (q − 1)λ2 − 2v0
V
(7)
Details of the Tsallis distribution and how to find the
probability distribution can be obtained from [9]. In one
of our earlier papers, we have analysed the e+e− inter-
actions at various energies for full phase space data and
described the procedure in detail in reference [16]. We
also proposed to modify and build the multiplicity dis-
tribution by adding weighted superposition of multiplic-
ity in 2-jet events and multiplicity distribution in multi-
jet events. We then calculated the probability function
from the weighted superposition of Tsallis distributions
of these two components, as given below;
PN (α : n¯1, V1, v01, q1 : n¯2, V2, v02, q2) =
αPN (n¯1, V1, v01, q1)+
(1− α)PN (n¯2, V2, v02, q2) (8)
where α is a weight factor which gives 2-jet fraction
from the total events and is determined from a jet finding
algorithm.
B. Weibull and modified Weibull distributions
Weibull distribution is a continuous probability distri-
bution which can take many shapes. It can also be fitted
to non-symmetrical data.
The probability density function of a Weibull random
variable is;
PN (N,λ, k) =
{
k
λ
(
N
λ
)(k−1)exp−(
N
λ )
k
N ≥ 0
0 N < 0 (9)
The standard Weibull has characteristic value λ > 0,
also known as scale factor, and shape parameter k > 0
for its two parameters.The two parameters for the distri-
bution are related to the mean of function, as
N¯ = λΓ(1 + 1/k) (10)
Modified Weibull distribution has been obtained by the
weighted superposition of two Weibull distributions to
produce the multiplicity distribution. We convolute the
weighted distributions due to 2-jet component and multi-
jet component of the events, as below;
PN (α : N1, λ1, k1;N2, λ2, k2) =
αPN (N1, λ1, k1)+
(1− α)PN (N2, λ2, k2) (11)
where α is the weight factor for 2-jet fraction out of the
total events and the remaining 1−α is the multi-jet frac-
tion. α is calculated from the DURHAM jet algorithm,
as discussed in the next section.
3III. ANALYSIS ON EXPERIMENTAL DATA &
RESULTS
Experimental data on e+e− collisions at different col-
lision energies at LEP2 and from two experiments are
analysed. Details of the data used from the experiments,
L3 [19] and OPAL [20–23] at different energies between√
s = 91 to 206 GeV in the full phase space are given in
Table I. The experimental distributions are fitted with
the predictions from Tsallis q-statistics and the Weibull
distributions as described in the following two sections.
A. Tsallis versus Weibull
The probability distributions using Tsallis distribu-
tion function and Weibull function are calculated using
equations (3-7) & (9-10) and fitted to the experimental
data. Figure 1 shows the Tsallis fits to the data and fig-
ure 2 shows the Weibull distributions fitted to the data in
different center of mass energies for L3 and OPAL data.
We find that overall, Weibull fails to reproduce the
distributions, particularly in the high multiplicity inter-
vals, while Tsallis distribution shows good fit in full phase
space. Detailed comparison between the two functions is
shown in Tables II & VI where χ2/ndf and p values at all
energies are given. It is observed that the χ2/ndf values
are considerably lower for the Tsallis fittings in compari-
son to the Weibull fittings. This is true for all energies. A
careful examination of the p-values shows that for the
data from L3 experiment at all energies from 130.1 to
206.1 GeV, Weibull fits are statistically excluded with
CL < 0.1%. While for Tsallis fits, the data only at 200.1
and 206.1 are statistically excluded with CL < 0.1% and
is good for all other energies with CL > 0.1%. For the
data from OPAL experiment, Weibull fit is statistically
excluded systematically for all energies between 91 to 189
GeV with CL < 0.1% except being good for energy 172
GeV. Again Tsallis fit is excluded only for one energy at
91 GeV and remains a good fit for all energies from 131
to 189 GeV with CL > 0.1%.
A comparison of the χ2/ndf values in Tables II & VI
reveals that χ2/ndf values for the Tsallis distributions
are lower by several orders, confirming that Tsallis dis-
tribution fits the data far better than Weibull.
It is also observed that for Weibull distribution, λ
values increase with energy, as expected. Similarly for
Tsallis distribution, the q value which measures the en-
tropic index of the Tsallis statistics, is more than 1 in ev-
ery case. This confirms the non-extensivity of the Tsallis
statistics.
B. Modified Tsallis versus Modified Weibull
It was observed [26] that the multiplicity distributions
have a shoulder-like structure at high energies. The
Tsallis and the Weibull distributions both give very high
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FIG. 1: Charged multiplicity distribution from top to bottom,√
s = 206 to 130 GeV from the L3 and OPAL experiments at
LEP2. Solid lines represent the Tsallis distribution and points
represent the data in the two plots.
χ2/ndf values and do not describe the data well at high
energy. In our previous publication [16] we suggested to
adopt the Giovannini’s approach [26] whereby the mul-
tiplicity distribution is obtained by using the weighted
superposition of two distributions; one accounting for
the 2-jet events and another for multi-jet events. For the
present work, we use this approach on both Tsallis and
Weibull distributions. We call these as modified Tsallis
and modified Weibull distributions. The probability
functions for the two cases are given in equations (8
& 11). Using the modified distributions, data at all
energies mentioned in TableI have been analysed.The
2-jet fraction used in the analysis are derived from the
DURHAM algorithm, as explained in references [18, 27].
Using this approach for
√
s= 130 to 206 GeV, data
from L3 and OPAL Collaborations are analysed for full
phase space. We use these data as the shoulder structure
is prominent at this energy. Fit parameters, χ2/ndf and
p values for both modified Weibull and modified Tsallis
distributions are given in Table VI. Figure 3 & 4 show
the comparison of distributions for L3 and OPAL data. It
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FIG. 2: Charged multiplicity distribution from top to bottom,√
s = 206 to 130 GeV from the L3 and OPAL experiments
at LEP2. Solid lines represent the Weibull distribution and
points represent the data in the two plots.
may be observed from these two figures and the Tables
III & IV that by using this approach, the fits to the
data improve enormously and the χ2/ndf values decrease
substantially. Both the Modified Weibull distribution and
the modified Tsallis distribution describe well, the data
at various energies. However, Weibull fails for energies
161,188.6, 189 & 206.1 GeV where CL < 0.1%.
The fit procedure uses ROOT 5.36 from CERN to
minimise the χ2 using the library MINUIT2. The fitting
procedure for Tsallis distribution involves 4 free param-
eters and a normalisation constant. Several options of
minimization (MIGRAD, MINOS, FUMILI) had to be
tried to get the covariance matrix positive definite. Also
n,V and v0 are correlated, we had to choose nV and
nV0 as free parameters for meaningful fits independent
of the starting values of fit parameters. In the Weibull
distribution, the fit procedure is more straight forward
without involving such constraints. However, for both
modified Tsallis and modified Weibull distributions, the
fit parameters are doubled while introducing the modi-
fication. Minimization then leads to larger errors on the
fit parameters, especially in K2 & q2 for Tsallis and λ2
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FIG. 3: Charged multiplicity distribution from top to bottom,√
s = 206 to 130 GeV from the L3 and OPAL experiments at
LEP2. Solid lines represent the modified Tsallis distributions
and points represent the data in the two plots.
& K2 for Weibull. This may lead to very large p val-
ues, particularly close to unity. The additional uncer-
tainty comes in because of very low statistics at some
energies. Figure 5 shows plots of the q, q1 and q2 val-
ues estimated from Tsallis and modified Tsallis fits. The
band shown are the confidence bands. The mean val-
ues are q = 1.3879 ± 0.0950, q1 = 1.0766 ± 0.0174 and
q2 = 1.48864±0.0998. The figure shows that the q-values
in all cases, Tsallis and modified Tsallis, are more than
unity, emphasising the non-extensive nature of entropy.
IV. CONCLUSION
Detailed analysis of the data on e+e− collisions at
LEP2 energies,
√
s=130 to 206 GeV has been done by
fitting the recently proposed Weibull distribution in com-
parison to the Tsallis distribution. For the sake of con-
sistency cross check with earlier results, we have also
considered 91 GeV from OPAL. It is observed that the
Weibull fits for data from L3 experiment at all energies
from 130.1 to 206.1 GeV are statistically excluded with
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FIG. 4: Charged multiplicity distribution from top to bottom,√
s = 206 to 130 GeV from the L3 and OPAL experiments at
LEP2. Solid lines represent the modified Weibull distribution
and points represent the data in the two plots.
CL < 0.1%. While for Tsallis fits the data only at 200.1
and 206.1 are statistically excluded with CL < 0.1% and
is good for all other energies with CL > 0.1%.
For the data from OPAL experiment, Weibull fit is
statistically excluded for all energies between 91 to 189
GeV with CL < 0.1%, with an exception, is good only
for energy at 172 GeV. In contrast, Tsallis fit is excluded
only for one energy at 91 GeV and remains a good fit for
all energies from 131 to 189 GeV with CL > 0.1%.
A comparison of the χ2/ndf values in Tables II shows
that χ2/ndf values for the Tsallis distributions are lower
by several orders than the Weibull distribution, confirm-
ing that Tsallis distribution fits the data far better than
Weibull.
The shape parameter k in the Weibull distribution af-
fects the shape of the distribution. Within the LEP2 en-
ergy range, the value of k decreases slightly within limits
of errors with increasing energy, as can be seen in Ta-
bles II & III. This behaviour is related to the soft gluon
emission and subsequent hadronization. The scale param-
eter λ of the Weibull distribution measures the width of
the distribution. Larger the scale parameter, more spread
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FIG. 5: q, q1 & q2 values for
√
s=91 to 206 GeV from the L3
and OPAL experiments at LEP2. Points represent the data
and the bands shown are confidence bands.
out the distribution is. At higher collision energies, the
mean multiplicity increases and so does the number of
high multiplicity events. As a result, λ is expected to in-
crease to account for the broader shape. Similar results
can be observed from the modified Weibull fit distribu-
tion parameters in table III & VI where λ1 and λ2 values
increase systematically from lower to higher energy. In
the Tsallis distribution, K parameter measures the de-
viation from Poisson distribution and is related to the
6variance. The definition of K is motivated by the k pa-
rameter of a negative binomial distribution, as given by
equation (6). Tsallis statistics for q > 1 with excluded
volume v0 produces the multiplicity distributions that
are wider than the Boltzmann-Gibbs ones. In some anal-
ysis the excluded volume is fixed between 0.3-0.4 fm3.
The corresponding value of volume V then varies from
few fm3 to few tens of fm3 [9].
It is known that the multiplicity distributions at higher
energies show a shoulder structure. In order to improve
upon both Weibull and Tsallis fits to the data, we pro-
posed to build the multiplicity distribution by a convolu-
tion of 2-jet component and the multi-jet component. For
the various energies, the 2-jet fraction values calculated
from various jet algorithms are available. We show that
by appropriately weighting the multiplicity distribution
with the 2-jet fraction obtained from DURHAM algo-
rithm for
√
s = 91 to 206 GeV, both Tsallis and Weibull
distributions describe the data well, giving the statisti-
cally significant results. The modified Tsallis distribution
reproduces the data well with CL > 0.1% for all ener-
gies, from both L3 and OPAL experiments. The modified
Weibull distribution, also improves the fits by several or-
ders, but fails to describe the data at most of the energy
points, as observed from p values in Table VI. It gives
good results only at 130.1 and 172.3 GeV.
In the fitting of the PDFs, modifide Weibull fits have
4 free parameters while modified Tsallis distribution has
8 free parameters. Due to limited number of data points,
fit parameters suffer from large errors, especially in Tsal-
lis distribution. While the Tsallis has the disadvantage
of larger number of fit parameters, Weibull offers a sim-
plistic approach with fewer parameters. Nevertheless the
present detailed analysis establishes that the performance
of Tsallis is superior to the Weibull. The q value known
as entropic index in Tsallis distribution, accounts for the
nonextensive thermostatistical effects in hadron produc-
tion and is expected to be more than 1. The mean values
of q measured for total sample of events, events with two
jets and events with multijets are q = 1.3879 ± 0.0950
, q1 = 1.07657 ± 0.1737 and q2 = 1.48864 ± 0.0998 re-
spectively. This not only confirms the non-extensive be-
haviour of Tsallis entropy but also asserts that the be-
haviour is more pronounced in the events with higher
multiplicity. Thus, the analysis presented, using the data
at higher energies from different experiments asserts our
conclusion presented earlier, on the comparison between
Tsallis and Weibull fits.
[1] A. Giovannini and R. Ugoccioni, Int. J. Mod.Phys. A20,
3897 (2005).
[2] P. Carruthers, C.C. Shih, Int.J. Mod.Phys A2, 1447
(1987).
[3] Z. Koba, H.B. Nielsen and P. Olesen, Nucl. Phys. B40,
317 (1972).
[4] P.V. Chliapnikov et. al, Phys. Lett. B282, 471 (1992).
[5] S. Krasznovszky et. al, Phys. Lett. B295, 320 (1992).
[6] R. Szwed and G. Wrochna, Z. Phys. C47, 449 (1990).
[7] S. Dash et. al, Phys. Rev.D 94, 074044 (2016).
[8] C. Tsallis, J. Stat. Phys. 52, 479 (1988).
[9] C. E. Aguiar and T. Kodama, Physica A320, 371 (2003).
[10] K. Urmossy, G. G. Barnafoldi and T. S. Biro, Phys.Lett.
B701, 111 (2011).
[11] S. Hegyi, Phys. Lett. B467, 126 (1999).
[12] H. Zheng and Lilin Zhu, Advances in High Energy Phys.
2016, 963216 (2016).
[13] S. Hegyi, Phys. Lett. B 388, 837 (1996); [Erratum:
Phys.Lett. B393, 491 (1997)].
[14] S. Hegyi, Phys. Lett. B 414, 210 (1997).
[15] S. Sharma, M. Kaur, and S. Thakur, Phys. Rev. D 95,
114002 (2017).
[16] S. Sharma, M. Kaur, and Sandeep Kaur, Int.J.Mod.Phys.
E25, 1650041 (2016).
[17] S. Catani et al, Nucl.Phys. B406, 187 (1993).
[18] G. Dissertori et. al, Phys. Lett. B361, 167(1995).
[19] P. Achard et al.,Phys.Rep.,399, 71 (2004).
[20] P.D. Acton et al., Z.Phys. C53, 539 (1992).
[21] G. Alexander et al., Z. Phys. C72, 19 (1996).
[22] K. Ackerstaff et al., Z. Phys. C75, 193 (1997).
[23] G. Abbiendi et al., Eur.Phys.J. C16, 185 (2000).
[24] G. Abbiendi et al., Eur.Phys.J. C17, 19 (2000).
[25] M. Acciarri et. al.,Phys. Lett. B404, 390 (1997).
[26] A. Giovannini et. al, Phys. Lett. B374, 231 (1996).
[27] S. Dahiya, M. Kaur and S. Dhamija, J. Phys.G:
Nuc.Part.Phys. 28, 2169 (2002).
7Energy Collaboration No. of events α values Reference
(GeV)
91 OPAL 82941 0.657 [18, 20]
133 ” 13665 0.662 [18, 21]
161 ” 1336 0.635 [18, 22]
172 ” 228 0.666 [18, 23, 25]
183 ” 1098 0.675 [24]
189 ” 3277 0.662 ”
130.1 L3 556 0.654 [19]
136.1 ” 414 0.649 ”
172.3 ” 325 0.657 ”
182.8 ” 1500 0.668 ”
188.6 ” 4479 0.670 ”
194.4 ” 2403 0.679 ”
200.2 ” 2456 0.661 ”
206.2 ” 4146 0.666 ”
TABLE I: Experimental data for the charged multiplicity
Weibull → Tsallis →
Energy k λ χ2/ndf nV nv0 K q χ
2/ndf
(GeV)
91 3.548 ± 0.033 23.197 ± 0.073 434.91/22 13.104 ± 0.312 0.115 ± 0.325 21.397 ± 0.670 1.751 ± 0.325 33.13/20
131 4.029 ± 0.122 25.239 ± 0.374 66.88/22 13.303 ± 0.220 0.124 ± 0.169 19.891 ± 2.251 1.405 ± 0.562 12.67/20
161 3.542 ± 0.098 27.174 ± 0.300 48.11/22 13.244 ± 0.178 0.134 ± 0.005 17.983 ± 1.587 1.340 ± 0.093 5.81/20
172 3.813 ± 0.162 27.942 ± 0.479 17.87/22 13.511 ± 0.199 0.164 ± 0.011 21.274 ± 3.003 1.097 ± 0.075 3.94/20
183 4.069 ± 0.088 29.117 ± 0.277 159.61/25 13.523 ± 0.065 0.179 ± 0.007 19.749 ± 1.339 1.056 ± 0.023 35.13/23
189 3.994 ± 0.058 29.018 ± 0.197 183.63/25 13.415 ± 0.305 0.167 ± 0.010 17.795 ± 0.858 1.099 ± 0.096 15.88/23
130.1 3.655 ± 0.095 26.110 ± 0.215 52.53/19 12.241 ± 0.979 0.338 ± 0.103 23.513 ± 2.031 1.786 ± 0.846 6.42/17
136.1 3.513 ± 0.099 26.913 ± 0.235 41.64/19 12.004 ± 0.947 0.306 ± 0.109 18.309 ± 1.490 1.712 ± 0.831 19.26/17
172.3 4.033 ± 0.121 30.358 ± 0.296 64.28/19 13.393 ± 0.107 0.168 ± 0.010 18.813 ± 1.324 1.0001 ± 0.0005 8.78/17
182.8 4.041 ± 0.101 28.590 ± 0.358 98.71 / 19 13.544 ± 0.070 0.132 ± 0.026 18.983 ± 1.332 1.0001 ± 0.0001 16.98/17
188.6 4.066 ± 0.078 28.144 ± 0.251 157.54/19 13.330 ± 0.087 0.164 ± 0.006 19.883 ± 1.044 1.001 ± 0.0006 17.28/17
194.4 3.998 ± 0.084 28.841 ± 0.266 108.70/19 13.931 ± 9.123 0.221 ± 0.197 18.533 ± 1.223 1.812 ± 0.585 19.19/17
200.2 4.271 ± 0.099 28.350 ± 0.322 127.53/19 14.511 ± 0.094 0.158 ± 0.004 20.092 ± 1.497 1.405 ± 0.060 27.14/17
206.2 4.151 ± 0.079 28.831 ± 0.262 168.91/19 15.412 ± 0.212 0.122 ± 0.005 19.631 ± 1.195 1.967 ± 0.041 32.41/17
TABLE II: Parameters of Weibull and Tsallis functions for OPAL & L3 Experiment
Energy k1 λ1 k2 λ2 χ
2/ndf
91 4.556 ± 0.228 23.030 ± 0.471 4.684 ± 0.482 32.810 ± 0.544 12.20/20
133 4.810 ± 0.192 22.050 ± 0.418 4.811 ± 0.557 32.480 ± 0.775 14.71/20
161 4.412 ± 0.063 20.620 ± 0.119 4.221 ± 0.133 28.401 ± 0.168 72.78/20
172 4.537 ± 0.307 24.380 ± 0.691 5.363 ± 0.963 34.070 ± 0.928 7.83/23
183 5.025 ± 0.139 25.170 ± 0.310 5.157 ± 0.358 37.510 ± 0.516 28.80/23
189 4.629 ± 0.094 25.570 ± 0.260 5.121 ± 0.377 36.690 ± 0.405 52.11/23
130.1 4.811 ± 0.248 22.267 ± 0.469 4.696 ± 0.352 31.041 ± 0.438 9.751/17
136.1 4.286 ± 0.318 22.681 ± 0.858 4.808 ± 0.698 32.110 ± 0.575 27.63/17
172.3 5.054 ± 0.218 25.191 ± 0.624 4.631 ± 0.318 37.133 ± 0.602 11.26/17
182.8 4.757 ± 0.140 24.91 ± 0.322 5.315 ± 0.497 36.765 ± 0.570 29.92/17
188.6 4.721 ± 0.096 25.051 ± 0.184 5.445 ± 0.326 36.492 ± 0.422 40.93/17
194.4 4.695 ± 0.131 25.454 ± 0.299 4.659 ± 0.300 37.322 ± 0.601 30.86/17
200.2 4.915 ± 0.120 25.473 ± 0.248 5.197 ± 0.398 38.391 ± 0.670 29.01/17
206.2 4.846 ± 0.106 25.582 ± 0.226 5.602 ± 0.437 38.210 ± 0.564 41.41/17
TABLE III: Parameters of Modified Weibull function for OPAL & L3 data.
8Energy nV1 nv01 nV2 nv02 K1 K2
91 10.080 ± 5.942 0.444 ± 0.227 10.390 ± 8.953 0.415 ± 0.192 22.140 ± 2.022 50.001 ± 3.202
131 14.180 ± 2.312 0.121 ± 0.322 16.760 ± 4.280 0.254 ± 0.260 68.540 ± 31.590 46.340 ± 37.620
161 14.450 ± 1.746 0.176 ± 0.258 13.190 ± 3.718 0.124 ± 0.280 24.890 ± 5.287 50.001 ± 35.600
172 11.350 ± 0.952 0.409 ± 0.168 19.920 ± 5.090 0.153 ± 0.222 33.920 ± 11.590 50.002 ± 36.680
183 12.201 ± 0.489 0.401 ± 0.028 11.130 ± 0.219 0.445 ± 0.003 17.970 ± 2.197 50.001 ± 3.275
189 11.080 ± 0.265 0.404 ± 0.042 15.880 ± 1.716 0.387 ± 0.033 32.101 ± 5.396 37.410 ± 12.660
130.1 14.011 ± 4.502 0.134 ± 0.174 13.741 ± 1.041 0.181 ± 0.224 25.032 ± 4.022 50.027 ± 28.561
136.1 14.158 ± 1.183 0.119 ± 0.325 11.433 ± 3.861 0.303 ± 0.245 24.591 ± 3.979 50.021 ± 27.911
172.3 22.991 ± 0.336 0.122 ± 0.016 12.511 ± 0.095 0.352 ± 0.009 33.573 ± 5.151 50.007 ± 38.722
182.8 22.363 ± 4.952 0.167 ± 0.020 12.343 ± 0.989 0.332 ± 0.093 31.388 ± 3.787 50.001 ± 27.303
188.6 18.811 ± 3.114 0.305 ± 0.072 12.733 ± 0.761 0.337 ± 0.263 30.031 ± 2.654 50.004 ± 8.850
194.4 19.435 ± 0.352 0.303 ± 0.010 12.770 ± 0.111 0.243 ± 0.018 31.455 ± 3.500 50.006 ± 37.741
200.2 24.487 ± 5.641 0.312 ± 0.075 12.881 ± 0.843 0.115 ± 0.228 34.391 ± 3.687 50.005 ± 30.089
206.2 20.030 ± 3.222 0.333 ± 0.245 15.191 ± 0.464 0.115 ± 0.005 33.101 ± 2.983 50.012 ± 28.161
TABLE IV: Parameters of Modified Tsallis function for OPAL & L3 data.
Energy q1 q2 χ
2/ndf
91 1.058 ± 0.153 1.577 ± 0.776 5.32/16
133 1.023 ± 0.129 1.120 ± 0.541 2.40/16
161 1.065 ± 0.160 1.002 ± 0.551 2.89/16
172 1.210 ± 0.229 1.799 ± 0.838 3.31/19
183 1.086 ± 0.065 1.061 ± 0.059 12.91/19
189 1.005 ± 0.013 1.112 ± 0.097 2.73/19
130.1 1.026 ± 0.019 1.988 ± 0.887 4.20/13
136.1 1.001 ± 0.025 1.772 ± 0.539 16.61/13
172.3 1.187 ± 0.052 1.498 ± 0.232 1.51/13
182.8 1.089 ± 0.171 1.958 ± 0.921 5.72/13
188.6 1.147 ± 0.154 1.789 ± 0.680 5.83/13
194.4 1.086 ± 0.037 1.001 ± 0.100 6.94/13
200.2 1.065 ± 0.151 1.825 ± 0.767 4.61/13
206.2 1.024 ± 0.060 1.331 ± 0.364 4.12/13
TABLE V: q values of Modified Tsallis function for OPAL & L3 data.
Energy Weibull Tsallis Modified Modified
(GeV) Weibull Tsallis
χ2/ndf p value χ2/ndf p value χ2/ndf p value χ2/ndf p value
91 434.91/22 0.0001 33.13/20 0.0329 12.20/20 0.9090 5.32/16 0.9940
133 66.88/22 0.0001 12.67/20 0.8899 14.71/20 0.7933 2.40/16 1.0000
161 48.11/22 0.0011 5.81/20 0.9991 72.78/20 0.0001 2.89/16 0.9999
172 17.87/22 0.8466 3.94/20 1.000 7.83/23 0.9987 3.31/19 1.0000
183 159.61/25 0.0001 35.13/23 0.0508 28.80/23 0.187 12.91/19 0.8437
189 183.63/25 0.0001 15.88/23 0.8595 52.11/23 0.0005 2.73/19 1.0000
130.1 52.53/19 0.0001 6.42/17 0.9899 9.751/17 0.9137 4.20/13 0.9889
136.1 41.64/19 0.002 19.26/17 0.3138 27.63/17 0.0495 16.61/13 0.2178
172.3 64.28/19 0.0001 8.78/17 0.947 11.26/17 0.8427 1.51/13 1.0000
182.8 98.71/19 0.0001 16.98/17 0.4557 29.92/17 0.0269 5.72/13 0.9558
188.6 157.54/19 0.0001 17.28/17 0.4356 40.93/17 0.001 5.83/13 0.9521
194.4 108.70/19 0.0001 19.19/17 0.3177 30.86/17 0.0208 6.94/13 0.9052
200.2 127.53/19 0.0001 27.14/17 0.056 29.01/17 0.0344 4.61/13 0.9828
206.2 168.91/19 0.0001 32.41/17 0.0134 41.41/17 0.0008 4.12/13 0.9898
TABLE VI: χ2/ndf comparison & p values for different energies of OPAL & L3 experiment for Weibull, Tsallis,Modified Tsallis
& modified Weibull distibutions
